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Abstract We introduce the Euler–Lagrange cohomology to study the symplectic and multisymplectic structures and
their preserving properties in finite and infinite dimensional Lagrangian systems respectively. We also explore their certain
difference discrete counterparts in the relevant regularly discretized finite and infinite dimensional Lagrangian systems
by means of the difference discrete variational principle with the difference being regarded as an entire geometric object
and the noncommutative differential calculus on regular lattice. In order to show that in all these cases the symplectic
and multisymplectic preserving properties do not necessarily depend on the relevant Euler–Lagrange equations, the
Euler–Lagrange cohomological concepts and content in the configuration space are employed.
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1 Introduction
It is well known that the symplectic and multisym-
plectic structures play crucially important roles in the
symplectic and multisymplectic algorithms for the fi-
nite dimensional Hamiltonian systems[1,2] and infinite-
dimensional Hamiltonian systems respectively. These al-
gorithms are very powerful and successful in numerical
calculations of the relevant systems in comparison with
other various non-symplectic computational schemes since
the symplectic and multisymplectic schemes preserve the
symplectic structure and multisymplectic structure of the
systems in certain sense.
In this paper, in a simple and direct manner, we
present the symplectic structure in the Lagrangian mecha-
nism and the multisymplectic structure in the Lagrangian
field theory and their preserving properties as well as the
difference-type discrete versions of these issues. We em-
ploy the ordinary exterior differential calculus in the con-
figuration space and introduce what is named the Euler–
Lagrange (EL) cohomology to show that the symplectic
and multisymplectic structures are preserved without nec-
essarily making use of the EL equations in general. And
the EL equations are derived from the variational principle
of the relevant action functionals. Therefore, it is impor-
tant to emphasize that these structure-preserving prop-
erties are established in the function space with the EL
cohomology on the configuration space in general rather
than in the solution space of the EL equations only.
One of the key points different from the other ap-
proaches in our approach is the EL cohomology we will
introduced. Some EL cohomological concepts and content
such as the EL one-forms, the coboundary EL one-forms
and the EL conditions, i.e., the EL one-forms are closed,
in each case will play important roles. In each case, the
null EL one-form gives rise to the EL equations. Although
the null EL one-form is a special case of the coboundary
EL one-forms which are cohomologically trivial and auto-
matically satisfy the (closed) EL condition, they are not
the same in principle. As a matter of fact, the EL coho-
mology is nontrivial in general. This point plays a crucial
role in our approach.
In the course of numerical calculation, the “time”
t ∈ R is always discretized, say, with equal spacing h = ∆t
and the space coordinates are also discretized in various
cases, especially, for the Lagrangian field theory. In ad-
dition to these computational approach, there also exist
various discrete physical systems with discrete or differ-
ence discrete Lagrangian functions. It is well known that
the differences of functions do not obey the Leibniz law. In
order to explore the discrete symplectic and multisymplec-
tic structures in these difference discrete systems and their
preserving properties in certain difference discrete ver-
sions, some noncommutative differential calculus (NCDC)
should be employed[5−7] even for the well-established sym-
plectic algorithms. This is the second key point of this
paper.
Another key point of this paper different from others is
that the difference discrete variational principle (DDVP)
will be employed in this paper. In view of NCDC, a for-
ward or backward difference as the forward or backward
discrete derivative should be regarded as an entire geo-
metric object respectively. In the DDVP with forward
(or backward) difference, we prefer to adopt this point of
view. We also show that DDVP leads to the correct re-
sults in the sense that the results not only correspond to
the correct ones in the continuous limit but also are the
wanted discrete version in various well-known cases.
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The plan of this paper is as follows. We first briefly
rederive some well-known contents on symplectic and mul-
tisymplectic structures and their preserving properties in
the Lagrangian formalism for the finite and infinite dimen-
sional systems respectively in Sec. 2. The important issues
of this section is to introduce the EL cohomology, includ-
ing some cohomological concepts and content such as the
EL one-forms, the coboundary EL one-forms and the EL
conditions and to show that it is nontrivial in each case.
In order to explain those symplectic and multisymplectic
geometry and relevant preserving properties in relevant
systems the EL cohomology plays a very important role.
In Sec. 3, we first explain the DDVP in our approach to
give rise to the discrete Euler–Lagrange (DEL) equations.
Then we study the difference discrete versions of the coho-
mological concepts and content as well as the symplectic
and multisymplectic structures in Lagrangian formalism
given in Sec. 2. We present some remarks in Sec. 4. Fi-
nally, in the Appendix, some relevant NCDC on regular
lattice with equal spacing on each direction is given.
2 The Symplectic and Multisymplectic Struc-
tures in Lagrangian Mechanism and Field
Theory
In this section, we recall some well-known contents on
symplectic and multisymplectic structures and their pre-
serving in the Lagrangian formalism for the finite and in-
finite dimensional systems respectively. The important
point is to introduce the EL cohomological concepts and
content related to the EL equations and explain their im-
portant roles in the symplectic and multisymplectic geom-
etry in these systems respectively.
2.1 The Symplectic Structure in Lagrangian
Mechanism
We begin with the Lagrangian mechanism. Let time
t ∈ R1 be the base manifold, M the configuration space
on t with coordinates qi(t), i = 1, . . . , n, TM the tangent
bundle of M with coordinates qi, q˙j , F (TM) the function
space on TM .
The Lagrangian of the systems is denoted as L(qi, q˙j),
where q˙j is the derivative of qj with respect to t. The vari-
ational principle gives rise to the well-known EL equations
∂L
∂qi
−
d
dt
∂L
∂q˙i
= 0 . (1)
Let us take the exterior derivative d of the Lagrangian
function, we get
dL =
{ ∂L
∂qi
−
d
dt
∂L
∂q˙i
}
dqi +
d
dt
{ ∂L
∂q˙i
dqi
}
.
Defining the EL one-forms on T ∗M ,
E(qi, q˙i) : =
{ ∂L
∂qi
−
d
dt
∂L
∂q˙i
}
dqi , (2)
we have
dL(qi, q˙i) = E(qi, q˙i) +
d
dt
θ , (3)
where θ is the canonical one-form
θ =
∂L
∂q˙i
dqi . (4)
It is easy to see from the definition (2) and Eq. (3) that
first the null EL one-form is corresponding to the EL equa-
tion, secondly the null EL one-form is a special case of the
coboundary EL one-forms,
E(qi, q˙j) = dα(qi, q˙j) , (5)
where α(qi, q˙j) is an arbitrary smooth function of (qi, q˙j),
and thirdly the EL one-forms are not coboundary in gen-
eral since θ is not a coboundary so that the EL cohomology
is not trivial.
Making use of nilpotency of d on T ∗M , d2L(q, q˙) = 0,
it is easy to show that if and only if the EL one-form is
closed with respect to d, which may be named the EL
condition, i.e.,
dE(qi, q˙j) = 0 , (6)
the symplectic conservation law with respect to t follows
d
dt
ω = 0 , (7)
where the symplectic structure ω is given by
ω = dθ =
∂2L
∂q˙i∂qj
dqi ∧ dqj +
∂2L
∂q˙i∂q˙j
dqi ∧ dq˙j . (8)
It is important to note that although the null EL one-
form and the coboundary EL one-forms satisfy the EL
condition, it does not mean that the closed EL one-forms
can always be exact. Namely, as mentioned above, the
EL cohomology is not trivial so that the EL condition is
not cohomologically equivalent to the null EL one-form or
the coboundary EL one-forms in general. This also means
that qi(t), i = 1, . . . , n in the EL condition are not in the
solution space of the EL equations only. In fact, they are
still in the function space in general. Therefore, the sym-
plectic two-form ω is conserved not only in the solution
space of the equations but also in the function space in
general with respect to the duration of t if and only if the
EL condition is satisfied.
In order to transfer to the Hamiltonian formalism, we
introduce conjugate momentum
pj =
∂L
∂q˙j
, (9)
and take a Legendre transformation to get the Hamilto-
nian function
H(qi, pj) = pkq˙
k − L(qi, q˙j) . (10)
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Then the EL equations become the canonical equations as
follows:
q˙i =
∂H
∂pi
, p˙j = −
∂H
∂qj
. (11)
It is clear that a pair of the EL one-forms should be in-
troduced now
E1(q
i, pj) =
(
q˙j −
∂H
∂pj
)
dpj ,
E2(q
i, pj) =
(
p˙j +
∂H
∂qj
)
dqj . (12)
In terms of zT = (qi, . . . , qn, p1, . . . , pn), the canonical
equations and the EL one-form become
z˙ = J−1∇zH , (13)
E(z) = dzT (Jz −∇zH) . (14)
Now it is straightforward to show that the symplectic
structure preserving law
d
dt
ω = 0, ω = dzT ∧ J dz (15)
holds if and only if the (closed) EL condition is satisfied
dE(z) = 0 . (16)
2.2 The Multisymplectic Structure in Lagrangian
Field Theory
We now consider the multisymplectic structure in La-
grangian field theory for the scalar fields. Let X be an
n-dimensional base manifold with coordinates xµ, µ =
1, . . . , n, M the configuration space on X with scalar field
variables ui(x), i = 1, . . . , s, TM the tangent bundle of
M with coordinates ui, ujµ, u
j
µ = ∂u
i/∂xµ, F (TM) the
function space on TM .
The Lagrangian of the systems under consideration is
L(ui, ujµ) with the well-known EL equations from the vari-
ational principle,
∂L
∂ui
−
∂
∂xµ
∂L
∂uiµ
= 0 . (17)
Let us introduce the EL one-form in the function space
F (TM),
E(ui, ujµ) : =
{ ∂L
∂ui
−
∂
∂xµ
∂L
∂uiµ
}
dui . (18)
It is easy to see that the null EL one-form is corresponding
to the EL equations and it is a special case for coboundary
EL one-forms
E(ui, ujµ) = dα(u
i, ujµ) , (19)
where α(ui, ujµ) is an arbitrary smooth function of (u
i, ujµ).
Although they are cohomologically trivial but it is already
seen that in the EL one-forms, (ui, ujµ) are not in the so-
lution space of the EL equations only rather they are in
the function space in general.
We now take the exterior derivative d of the La-
grangian. In terms of the EL one-form we get
dL(ui, ujµ) = E(u
i, ujµ) + ∂µθ
µ , (20)
where θµ are the canonical one-forms
θµ =
∂L
∂uiµ
dui . (21)
From Eq. (20), it is easy to see that the EL one-forms are
not coboundary in general since the canonical one-forms
θµ are not coboundary so that the EL cohomology is not
trivial in general.
By virtue of the nilpotency of d, d2L(ui, ujµ) = 0, it
is easy to prove that if and only if the EL condition is
satisfied, i.e., the EL one-form is closed
dE(ui, ujµ) = 0 , (22)
the multisymplectic structure preserving (MSSP) prop-
erty, i.e., the multisymplectic conservation or divergence
free law follows
n∑
µ=1
∂
∂xµ
ωµ = 0 , (23)
where the symplectic structures ωµ are given by
ωµ = dθµ =
∂2L
∂uiµ∂u
j
dui ∧ duj +
∂2L
∂uiµ∂u
j
µ
dui ∧ dujµ .
(24)
Similar to the finite dimensional case, it is also impor-
tant to note again that although the null EL one-form,
the coboundary EL one-forms satisfy the EL condition, it
does not mean that the closed EL one-forms can always be
exact as pointed out above. In addition, ui(x)s in the EL
condition are not in the solution space of the EL equations
only in general. Therefore, the MSSP law holds, i.e., the
multisymplectic two-forms ωµ are conserved, not only in
the solution space of the equations but also in the function
space with the closed EL condition in general.
3 The Discrete Symplectic and Multisymplec-
tic Structures in Lagrangian Formalism
Now we consider certain difference discrete versions of
the symplectic and multisymplectic structures and their
preserving properties in the Lagrangian mechanism and
field theory studied in the last section.
3.1 The Discrete Symplectic Structure in Discrete
Lagrangian Mechanism
Let us first consider the symplectic structure and its
preserving in the Lagrangian mechanism in case that
“time” t is discretized while the configuration space at
each moment of t is still continuous.
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Let us assume, without loss any generality, that in the
course of numerical calculation, the “time” t ∈ R is dis-
cretized with equal spacing h = ∆t,
t ∈ R→ t ∈ TD = {(tk, tk+1 = tk + h, k ∈ Z)} . (25)
At the moment tk, the configuration space is M
n
k ∈
MnTD = {· · ·M
n
1 × · · · ×M
n
k · · · }, its coordinates are de-
noted by qi(k).
The difference discrete Lagrangian can be written by
LD(k) = LD(q
i
(k), q
i
t(k)) , (26)
where qjt (k) is (forward) difference of q
j
(k) at tk defined by
∆tq
j
(k) : =
∂
∂t
qj(k) = q
j
t(k) =
1
h
{qj(k+1) − q
j
(k)} . (27)
It is the (discrete) derivative on T (TD ) in the sense of
NCDC of a regular lattice L1 with equal spacing[5] and
the same notation for it as in the continuous case has been
employed. It should be noted that in what follows the dif-
ference is always viewed as an entire geometric object and
its dual dt is the base of T ∗(TD ).
We now consider the DDVP of the action functional
SD =
∑
k∈Z
LD(q
i
(k), q
j
t(k)) ,
δSD =
∑
k∈Z
{∂LD(k)
∂qi(k)
δqi(k) +
∂LD(k)
∂qi
t(k)
δqit(k)
}
. (28)
By means of the modified Leibniz law with respect to
∆t
[5,6] (see the Appendix), we have
∆t
(∂LD(k−1)
∂qi
t(k−1)
δqi(k)
)
=
∂LD(k)
∂qi(k)
δqit(k) +∆t
(∂LD(k−1)
∂qi
t(k−1)
)
δqi(k) .
Therefore,
δSD =
∑
k∈Z
{∂LD(k)
∂qi(k)
−∆t
(∂LD(k−1)
∂qi
t(k−1)
)}i
(k)
+
∑
k∈Z
∆t
(∂LD(k−1)
∂qi
t(k−1)
δqi(k)
)
.
Using the properties
∑
k∈Z
∆tf(tk) = f(tk)
∣∣∣
k=+∞
k=−∞
, (29)
and assuming δqik satisfy
δqi(±∞) = 0 ,
it follows the DEL equations
∂LD(k)
∂qi(k)
−∆t
(∂LD(k−1)
∂qi
t(k−1)
)
= 0 . (30)
It is easy to see that for the case with difference dis-
crete Lagrangian
L
(k)
D (q
i(k),∆tq
j(k)) =
1
2
(∆tq
i(k))2 − V (qi
(k)
) , (31)
the DDVP gives the DEL equations
∆t(∆tq
i(k−1))− V ′(qi
(k)
) = 0 ,
i.e.,
1
h2
(qi
(k+1)
− 2qi
(k)
+ qi
(k−1)
) = V ′(qi
(k)
) . (32)
This is just what is wanted for the difference discrete coun-
terpart of the equations in the continuous case.
Now we consider the difference discrete symplectic
structure and its preserving property. Taking the exte-
rior derivative d on LD(k), we get
dLD(k) =
∂LD(k)
∂qi(k)
dqi(k) +
∂LD(k)
∂qi
t(k)
dqit(k) .
By means of the modified Leibniz law with respect to ∆t
and introducing the DEL one-form
ED(k)(q
i
(k), q
j
t(k))
: =
{∂LD(k)
∂qi(k)
−∆t
(∂LD(k−1)
∂qi
t(k−1)
)}
dqi(k) , (33)
we have
dLD(k) = ED(k) +∆tθD(k) , (34)
where θ
D(k) is the discrete canonical one-form
θ
D(k) =
∂LD(k−1)
∂qi
t(k−1)
dqi(k) , (35)
and there exists the following discrete symplectic two-form
on T ∗(MnTD ),
ω
D(k) = dθD(k) =
∂2LD(k−1)
∂qi
t(k−1)∂q
j
(k−1)
dqj(k−1) ∧ dq
i
(k)
+
∂2LD(k−1)
∂qi
t(k−1)∂q
j
t(k−1)
dqj
t(k−1) ∧ dq
i
(k) . (36)
Now by virtue of the nilpotency of d on T ∗(MnTD ), we get
0 = d2LD(k) = dED(k) +∆tωD(k) . (37)
Therefore, it is easy to see that if and only if the DEL
one-form satisfies what is called the DEL condition, i.e.,
it is closed
dED(k) = 0 , (38)
then it gives rise to the discrete (difference) symplectic
structure-preserving law,
0 = ∆tωD(k) . (39)
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Similar to the continuous case, the null DEL one-form,
which is corresponding to the DEL equation, is a special
case of the coboundary DEL one-forms,
ED(k) = dαD(k)(q
i
(k), q
j
t(k)) , (40)
where α
D(k)(q
i
(k), q
j
t(k)) is an arbitrary function of
(qi(k), q
j
t(k)). Although they satisfy the DEL condition, this
does not mean that all closed DEL one-forms are exact.
In fact equation (34) shows that the EL one-forms are
not exact in general since the canonical one-form θ
D(k) is
not trivial. In addition, (qi(k), q
j
t(k)) are not in the solu-
tion space of the DEL equations only rather they are still
in the function space with the DEL condition in general.
Therefore, this also means that the DDSSP law holds in
the function space with the DEL cohomology in general
rather than on the solution space only.
3.2 The Discrete Multisymplectic Structure in
Discrete Lagrangian Field Theory
We now study the discrete multisymplectic structure
in discrete Lagrangian field theory. For the sake of sim-
plicity, let us consider the 1 + 1 − d and 2 − d cases
in discrete Lagrangian field theory (DLFT) for a scalar
field. Let X2 with suitable signature of the metrics be the
base manifold, L2 a regular lattice with two-directions xµ,
µ = 1, 2 on X2, MD the discrete configuration space with
u(i,j) ∈MD.
The difference discrete Lagrangian is denoted as
L
(i,j)
D = LD(u
(i,j), u(i,j)µ ) , (41)
where
∆1u
(i,j) =
1
h
(u(i+1,j) − u(i,j)) ,
∆2u
(i,j) =
1
h
(u(i,j+1) − u(i,j)) .
They are the bases of T (MD) and their duals dx
µ = dLx
µ
are the bases of T ∗(MD),
dLx
µ(∂ν) = δ
µ
ν .
The action functional is given by
SD =
∑
{i,j}∈Z×Z
LD(u
(i,j), u(i,j)µ ) . (42)
Taking the variation of SD and regarding the differences
as the entire geometric objects, we get
δSD =
∑
{i,j}∈Z×Z
{∂L(i,j)D
∂u(i,j)
δu(i,j) +
∂L
(i,j)
D
∂u
(i,j)
µ
δu(i,j)µ
}
.
Employing the modified Leibniz law, we have
∆1
(∂L(i−1,j)D
∂u
(k−1,l)
1
δu(k,l)
)
=
∂L
(i,j)
D
∂u
(k,l)
1
δu
(k,l)
1 +∆1
(∂L(i−1,j)D
∂u
(k−1,l)
1
)
δu(k,l) ,
∆2
(∂L(i,j−1)D
∂u
(k,l−1)
2
δu(k,l)
)
=
∂L
(i,j)
D
∂u
(k,l)
2
δu
(k,l)
2 +∆2
(∂L(i,j−1)D
∂u
(k,l−1)
2
)
δu(k,l) .
Assuming that δu(k,l)s vanish at infinity, it follows the
DEL equations
∂L
(i,j)
D
∂u(k,l)
−∆1
(∂L(i−1,j)D
∂u
(k−1,l)
1
)
−∆2
(∂L(i,j−1)D
∂u
(k,l−1)
2
)
= 0 . (43)
Let us consider an example with the discrete La-
grangian
L
(i,j)
D (u
(i,j), u(i,j)µ ) =
1
2
(∆µu
(i,j))2 − V (u(i,j)) . (44)
The DDVP gives the DEL equations
∆1(∆1u
(i−1,j)) + ∆2(∆2u
(i,j−1))− V ′(u(i,j)) = 0 ,
i.e.,
1
h21
(u(i+1,j) − 2u(i,j) + u(i−1,j)) +
1
h22
(u(i,j+1)
− 2u(i,j) + u(i,j−1)) = V ′(u(i,j)) . (45)
This is also what is wanted for the difference discrete coun-
terpart of the relevant PDEs in the continuous limit.
We now consider the multisymplectic properties of the
DLFT. Taking exterior derivative d ∈ T ∗(MD) of L
(i,j)
D
and making use of the modified Leibniz law, we get
dL
(i,j)
D = E
(i,j)
D (u
(i,j), u(i,j)µ ) + ∆µθ
µ(i,j) , (46)
where E
(i,j)
D is the DEL one-form defined by
E
(i,j)
D (u
(i,j), u(i,j)µ ) : =
{∂L(i,j)D
∂u(k,l)
−∆1
(∂L(i−1,j)D
∂u
(k−1,l)
1
)
−∆2
(∂L(i,j−1)D
∂u
(k,l−1)
2
)}
du(k,l) , (47)
and θµ(i,j) are two Cartan one-forms,
θ1(i,j) =
∂L
(i−1,j)
D
∂u
(k−1,l)
1
du(k,l) ,
θ2(i,j) =
∂L
(i,j−1)
D
∂u
(k,l−1)
2
du(k,l) . (48)
708 GUO Han-Ying, LI Yu-Qi and WU Ke Vol. 35
It is easy to see that there exist two symplectic two-forms
on T ∗(MD),
ωµ(i,j) = dθµ(i,j), µ = 1, 2 . (49)
The equation d2L
(i,j)
D = 0 on T
∗(MD) leads to the con-
servation law or the divergence free equation of ωµ(i,j),
∆µω
µ(i,j) = 0 , (50)
if and only if the DEL one-form satisfies the DEL condi-
tion, i.e., it is closed
dE
(i,j)
D = 0 . (51)
Similar to the continuous case, the null DEL one-form
is corresponding to the DEL equations and it is a special
case of coboundary DEL one-forms
E
(i,j)
D = dα
(i,j)
D , (52)
where α
(i,j)
D is an arbitrary function on T
∗MD. Although
they satisfy the DEL condition, it does not mean that
all closed DEL one-forms are exact. As a matter of fact,
from Eq. (46) it is easy to see that the EL one-forms are
not exact in general since the two canonical one-forms
θµ(i,j) (µ = 1, 2) are not trivial. In addition, this in-
dicates that the variables u(k,l)s are still in the function
space in general rather than the ones in the solution space
only. Consequently, this also means that the difference
discrete multisymplectic structure-preserving law holds in
the function space with the closed DEL condition in gen-
eral rather than in the solution space only.
It should be pointed out that the scenario of the ap-
proach can be straightforwardly generalized to higher-
dimensional cases of X1,n−1 and Xn.
4 Remarks
A few remarks are in order.
1) The approach presented in this paper, which may
call the EL cohomology approach, to the symplectic and
multisymplectic geometry and their difference discrete
versions in the Lagrangian formalisms is more or less dif-
ferent from other approaches.[3,4] The EL and the DEL
cohomological concepts and relevant content such as the
EL and DEL one-forms, the null EL and DEL one-forms,
the coboundary EL and DEL one-forms as well as the EL
and the DEL conditions have been introduced and they
have played very crucial roles in each case to show that
the symplectic and multisymplectic preserving properties
and their difference discrete versions are in the function
space with the closed EL/DEL condition in general rather
than in the solution space only.
It has been mentioned that the EL and DEL cohomol-
ogy in relevant case is not trivial and it is very closely re-
lated to the symplectic and multisymplectic structures as
well as their discrete versions. Needless to say, the content
and the role of the EL cohomology in each case should be
further studied and some issues are under investigation.[8]
2) The difference discrete variational formalism pre-
sented here is also different from the one by Veselov.[9,10]
We have emphasized that the difference as discrete deriva-
tive is an entire geometric object. This is obvious and nat-
ural from the view point of NCDC. The continuous limits
of the results given here are correct as well.
3) The NCDC on the regular lattices are employed
in our approach. Since the differences do not satisfy the
ordinary Leibniz law, in order to study the symplectic
and multisymplectic geometry in these difference discrete
systems it is natural and meaningful to make use of the
NCDC.
4) The approach presented here can be generalized to
the case that the configuration space is also discretized.
This is closely related to the case of difference discrete
phase space approach to the finite dimensional systems
with separable Hamiltonian.[5,6]
5) It should be mentioned that the approach with the
EL cohomological concepts can also directly be applied to
the PDEs.
Let us for example consider the following type of
equations[3,11] and make use of the same notations in
Refs [3] and [11],
Kzx1 + Lzx2 = ∇zS(z) . (53)
Introducing the EL one-form
E(z, zx1 , zx2) : = dz
T {Kzx1 + Lzx2 −∇zS(z)} , (54)
it is easy to see that the null EL one-form gives rise to
Eq. (54) and it is a special case of the coboundary EL
one-forms,
E(z, zx1, zx2) = dα(z, zx1, zx2) , (55)
where α(z, zx1 , zx2) is an arbitrary function of (z, zx1, zx2).
Now by taking the exterior derivative d of the EL one-
form, it is straightforward to prove that
dE(z, zx1, zx2) =
1
2
∂x1(dz
T ∧Kdz) +
1
2
∂x2(dz
T ∧ Ldz).
This means that the following MSSP equation
∂x1ω + ∂x2τ = 0 (56)
holds, where
ω = dzT ∧Kdz, τ = dzT ∧ Ldz ,
if and only if the EL one-form is closed, i.e.,
dE(z, zx1, zx2) = 0 . (57)
It should be mentioned that first from the definition of
the EL one-form, it is not trivial in general since the first
two terms in the definition are the canonical one-forms
which are not trivial so that the EL cohomology is not
trivial. Secondly, the multisymplectic preserving equation
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derived here is not dependent on the type of equations but
can be applied to the equations so that it holds not only in
the solution space of the equations but also in the function
space relevant to the cohomology in general as well.
6) In principle, the cohomological scenario presented
here should be available to not only to PDEs but also to
ODEs and numerical schemes as well.
7) Finally, it should be pointed out that there exist
lots of other problems to be studied.
Appendix
In this appendix we briefly recall some content of
NCDC on lattice.[5−7]
A.1 An NCDC on an Abelian Discrete Group
Let G be an Abelian discrete group with a generator
t, A the algebra of complex valued functions on G.
The left and right multiplications of a generator of
G on its element are commute to each other since G is
Abelian. Let us introduce right action on A that is given
by
Rtf(a) = f(a · t) , (A1)
where f ∈ A, a ∈ G, t the generator and “·” the group
multiplication.
Let V be the space of vector fields,
V = span{∂t} ,
where ∂t is the derivative with respect to the generator t
given by
(∂tf)(a) ≡ Rtf(a)− f(a) = f(a · t)− f(a) . (A2)
The dual space of V , the space of one-form, is Ω1 =
span{χt} that is dual to V ,
χt(∂t) = 1 . (A3)
The whole differential algebra Ω∗ can also be defined as
Ω∗ =
⊕
n=0,1Ω
n with A = Ω0.
Let us define the exterior differentiation in
Ω∗d : Ω0 → Ω1 .
It acts on a zero-form ω0 = A is as follows:
df = ∂tfχ
t ∈ Ω1 . (A4)
Now, the following theorem can straightforwardly be
proved.
Theorem The exterior differentiation d satisfies
(a) (df)(v) = v(f), v ∈ V, f ∈ Ω0 ,
(b) d2 = 0 ,
(c) d(ω ⊗ ω′) = dω ⊗ ω′ + (−1)degωω ⊗ dω′ , (A5)
if and only if
(i) dχt = 0 ,
(ii) χtf = (Rtf)χ
t . (A6)
As was shown here, in order to establish a well-defined
differential algebra, it is necessary and sufficient to intro-
duce the noncommutative property of the multiplication
between function and one-form.
The conjugation * on the whole differential algebra Ω∗
and metric on discrete Abelian group can also be defined.
A.2 An NCDC on Regular Lattice
Let us consider the discrete translation group Gm =
⊗mi=1G
i, A the function space on Gm and a regular lattice
with equal spacing Lm on an m-dimensional space Rm.
Here Gi the i-th discrete translation group with one gen-
erator acting on one-dimensional space with coordinate q
in such a way
Rqi : q
i
n → q
i
n+1 = q
i
n + h, h ∈ R+ , (A7)
Rqi the discrete translation operation of the group G
i and
it maps qin of n-th size of q
i to the one qin+1 at (n + 1)-
th size, h the discrete translation step-length and R+ the
positive real number. It is easy to see that the action of Gi
on i-th one-dimensional space R1 generates the i-th chain
Li, i = 1, . . . ,m, with equal spacing h. Similarly, the reg-
ular lattice Lm with equal spacing h is generated by Gm
acting on Rm. Since there is a one-to-one correspondence
between sizes on Li and elements of Gi, one may simply
regard Li as Gi. For the same reason, one may simply
regard Lm as Gm.
On the sizes of the regular lattice Lm, there are discrete
coordinates qin, i = 1, . . . ,m. There is a set of generators
in the discrete translation group Gm acting on Lm in such
a way
Rqi : q
i
n → q
i
n+1, i = 1, . . . ,m . (A8)
With respect to the generators there is a set of indepen-
dent derivatives ∂qi on fn(q
i) = f(qin) ∈ A. They should
be defined as the correspondent differences of the func-
tions valued at two nearest sizes, i.e.,
∂qif(q
i
n) = ∆qif(q
i
n) =
1
h
[(Rqi − id)f(q
i
n)]
=
1
h
[f(qin+1)− f(q
i
n)] . (A9)
The differential one-form is defined by
df = ∂qif dq
i = ∆qif dq
i, f ∈ A . (A10)
The two-forms and the whole differential algebra Ω∗ can
also be defined. Here d is the exterior differentiation. Sim-
ilarly, the following theorem can be proved for d.
Theorem d is nilpotent and satisfies the Leibniz rule,
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i.e.,
d2 = 0 ,
d(ω ∧ ω′) = dω ∧ ω′
+(−1)degωω∧ dω′, ω, ω′ ∈ Ω∗ , (A11)
if and only if
f(qi + h)dqi = dqif(qi) . (A12)
This gives
qidqi − dqiqi = −hdqi .
The above two equations show the noncommutative prop-
erties between the functions (including the coordinates)
and differential forms.
From these properties, it follows the modified Leibniz
rule for derivatives,
∆qi(fg) = ∆qif · g + {Rqif} ·∆qig . (A13)
It should be noted that the definitions and relations
given above for the NCDC on the regular lattice Lm are
at least formally very similar to the ones in the ordinary
commutative differential calculus (CDC) on Rm. The dif-
ferences between the two cases are commutative or not.
The Hodge ∗ operator and the co-differentiation oper-
ator
δL : Ω
k → Ωk−1
on the regular lattice Lm can also be defined similarly
to the ones on Rm. Consequently, the Laplacian on the
lattice Lm may also be given by
∆L = dδL + δLd . (A14)
It is in fact the discrete counterpart of the Laplacian ∆
on Rm. For other objects and/or properties on Rm, there
may have the discrete counterparts on Lm as well. For
example, the null-divergence equation of a form ω on Rm
reads
δα = 0 . (A15)
Its counterpart on the lattice Lm is simply
δLαL = 0 . (A16)
This is the forward difference form of null-divergence equa-
tion.
In the case of L1,m ∈ R1,m with Lorentz signature,
these equations become the conservation law of α and its
difference form of αL. This is available not only for the
symplectic geometry and symplectic algorithms but also
the multisymplectic geometry and multisymplectic algo-
rithms as well. It should be emphasized that for the dis-
crete counterparts on the lattice, they obey the NCDC on
the lattice Lm rather than the CDC on Rm. This is the
most important point.
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